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A paramet r ic  t r a j e c t o r y  s tudy  o f  g r a v i t y  a s s i s t e d  E a r t h  
launched t r a j e c t o r i e s  has been conducted. A two-dimensional 
s o l a r  system w i t h  c i r c u l a r  p l a n e t a r y  o r b i t s  (except  Mercury) i s  
assumed. 
launch and t a r g e t  i n t e r c e p t .  A n a l y t i c a l  expres s ions  and r e s u l t s  
are p r e s e n t e d  fo r  maximum v e l o c i t y  and energy changes a v a i l a b l e  
t o  a s p a c e c r a f t  through g r a v i t y  ass is t .  A review o f  t h e  Ear th-  
Grav i ty  ass is t  i s  r e s t r i c t e d  t o  one body between 
Venus-Mercury miss ion  i s  cons idered  a f t e r  which pr imary emphasis 
i s  p l aced  upon J u p i t e r ,  b o t h  a s  a t a r g e t  and as a g r a v i t y  
a s s i s t i n g  body. J u p i t e r  f ly-bys are found t o  be a t t rac t ive  f o r  
s o l a r  probe miss ions  and f l i g h t s  t o  t h e  o u t e r  p l a n e t s .  
i n  t h e  r e s u l t s  of t h e  s tudy  are several examples of launch 
o p p o r t u n i t i e s  f o r  g r a v i t y  a s s i s t e d  t r a j e c t o r i e s .  
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SUMMARY 
AN ANALYSIS OF GRAVITY ASSISTED 
TRAJECTORIES I N  THE ECLIPTIC PLANE 
The Ast ro  Sc iences  Center of &ET Research I n s t i t u t e  i s  
performing long range  p lanning  s t u d i e s  f o r  NASA under Cont rac t  
No. NASr-65(06). 
t r a j e c t o r i e s  as a means of  reaching  t a r g e t  p l a n e t s .  An e f f o r t  
has  been made t o  avoid  dup l i ca t ion  o f  s imilar  e x i s t i n g  s t u d i e s .  
A n a l y t i c a l  ana lyses  a s  w e l l  as the  more common numerical  
ana lyses  are cons idered .  
This  r e p o r t  i s  a review o f  g r a v i t y  a s s i s t e d  
The r e s u l t s  a r e  based on a two-dimensional s o l a r  
system, A l l  p l a n e t s '  o r b i t s  were cons ide red  c i r c u l a r  except  
Mercury 's .  Two-body equat ions  of motion, i . e .  conic  t r a j e c t o r i e s ,  
were employed t o  ease t h e  numerical  work involved.  
i n t e rmed ia t e  g r a v i t y  assist  body was cons idered  between launch 
and t a r g e t  i n t e r c e p t .  
Only one 
A n a l y t i c a l  r e s u l t s  i n d i c a t e ,  as expec ted ,  t h a t  J u p i t e r  
w i t h  i t s  l a r g e  mass i s  t h e  most e f f e c t i v e  p l a n e t  from t h e  
s t a n d p o i n t  of performance f o r  g r a v i t y  a s s i s t .  The t h e o r e t i c a l  
maximum v e l o c i t y  change from a J u p i t e r  a s s i s t  i s  42.5 km/sec. 
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2 2 I *  The maximum energy change i s  584 km /sec e These v a l u e s  were 
d e r i v e d  under t h e  assumptions s t a t e d  above. A summary t a b l e  c o n t a i n s  
o r d e r e d  l i s t s  o f  a l l  t h e  p l a n e t s  w i t h  t h e  t h e o r e t i c a l  maximum 
v e l o c i t y  and energy changes a v a i l a b l e  from them. 
A review of t h e  Earth-Venus-Mercury miss ion  w a s  con- 
s i d e r e d  f i r s t .  This  w a s  done t o  check t h e  numerical  approach 
a g a i n s t  a more d e t a i l e d  s t u d y  (Minovitch 1963) and t o  e s t a b l i s h  
any f u r t h e r  performance b e n e f i t s  of  a Venus g r a v i t y  ass is t  i f  
p o s s i b l e .  The r e s u l t s  ob ta ined  i n d i c a t e  t h a t  s i g n i f i c a n t  re- 
d u c t i o n  can be made i n  t h e  i d e a l  v e l o c i t y  through t h e  use  o f  
a Venus ass is t .  Using an  Atlas-Centaur Launch v e h i c l e ,  f o r  
example, i n j e c t e d  s p a c e c r a f t  weight i s  i n c r e a s e d  from 400 
pounds t o  1200 pounds f o r  t h e  same 115 day t r i p  t o  Mercury 
(a t  0.47 AU) w i t h  t h e  use  of  g r a v i t y  ass is t  a t  Venus. 
g r e a t e r  sav ings  are r e a l i z e d  when Mercury i s  a t  i t s  p e r i h e l i o n  
(0.31 AU). These r e s u l t s  agree  w i i A  t h e  work done 
by Minovitch (1963). The balance of t h e  s tudy  emphasizes 
mis s ions  invo lv ing  J u p i t e r .  Although some p r e l i m i n a r y  r e s u l t s  
o f  J u p i t e r  a s s i s t e d  t r a j e c t o r i e s  have been pub l i shed  (Hunter 
1964) ,  it w a s  f e l t  t h a t  f u r t h e r  a n a l y s i s  would be h e l p f u l .  The 
f i r s t  miss ions  cons ide red ,  Earth-Venus-Jupiter and Earth-Mars- 
J u p i t e r ,  u t i l i z e d  g r a v i t y  a s s i s t e d  t r a j e c t o r i e s  t o  J u p i t e r  as 
Even 
a target.  The u s e  of  a Venus a s s i s t  t o  r each  Yup i t e r  r e q u i r e s  
more energy and t a k e s  longer  than a directJc  f l i g h t  from Ear th .  
J; D i r e c t  t r a j e c t o r i e s  are def ined  as proceeding from launch 
p o i n t  t o  t a r g e t  p o i n t  without  t h e  b e n e f i t  o f  a g r a v i t y  assist .  
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The Mars ass i s t  t o  J u p i t e r  proved t o  be b e t t e r  t han  a d i r e c t  
f l i g h t  b u t  r easonab le  o p p o r t u n i t i e s  f o r  such a miss ion  a re  
scarce, t h e  nex t  one occur r ing  i n  t h e  e a r l y  1980's .  
The use  o f  J u p i t e r  f o r  g r a v i t y  ass i s t  t o  t h e  o u t e r  
p l a n e t s  i s  shown t o  be d e s i r a b l e .  
t ype  cons ide red  was t h e  Ear th-Jupi te r -Sa turn  mission.  The 
i d e a l  v e l o c i t y  requirements  a r e  low enough t o  allow payloads 
on t h e  o r d e r  o f  1500 pounds w i t h  a Sa tu rn  1B-Centaur launch 
v e h i c l e .  The same launch v e h i c l e  provides  on ly  1000 pounds 
payload f o r  a d i r e c t  f l i g h t  t o  Sa turn ,  The t r i p  t i m e  i s  about  
t h r e e  y e a r s  and good launch o p p o r t u n i t i e s  occur  i n  t h e  l a t e  
1970's. This  i s  one o f  t h e  b e t t e r  g r a v i t y  a s s i s t e d  mis s ions  
s t u d i e d  i n  t h e  r e p o r t .  
The f i r s t  f l i g h t  o f  t h i s  
Using J u p i t e r ' s  g r a v i t a t i o n a l  f i e l d  t o  probe t h e  o u t e r  
r eg ions  of t h e  s o l a r  system (20 AU t o  50 AU) can provide  large 
improvements i n  t r i p  t i m e  over  d i r e c t  f l i g h t .  A d i r e c t  f l i g h t  
t o  50 A'J w i t h  an i d e a l  v e l o c i t y  o f  58,000 f ee t / s econd  t a k e s  30 
yea r s .  With a J u p i t e r  ass is t  t h e  t r i p  t i m e  i s  reduced t o  10.5 
yea r s .  Fu r the r  r e d u c t i o n s  i n  t r i p  t i m e  w i l l  probably r e q u i r e  
t h e  use  of  t h r u s t e d  t r a j e c t o r i e s .  It i s  sugges ted  t h a t  t h e  
combination of t h r u s t e d  propuls ion and g r a v i t y  a s s i s t  may be 
t h e  u l t i m a t e  method of  r each ing  t h e s e  o u t e r  r eg ions  qu ick ly .  
The f e a s i b i l i t y  of such a f l i g h t  should be determined.  
F i n a l l y ,  t h e r e  i s  the  i n t e r e s t i n g  use  of  J u p i t e r  f o r  
g r a v i t y  a s s i s t e d  s o l a r  probe miss ions .  
t o  such  a p a t h  t o  t h e  Sun. Long t r i p  t i m e s ,  on t h e  o r d e r  o f  
There a r e  d isadvantages  
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t h r e e  y e a r s ,  decreases  spacecraft2k r e l i a b i l i t y  and t h e  double 
t r a v e r s a l  of t h e  a s t e r o i d  b e l t  involves  hazards .  
when miss ions  t o  l e s s  than  0 . 1 A U  were cons idered  i t  w a s  found 
t h a t  t h e  only  a v a i l a b l e  r o u t e  wi th  convent iona l  propuls ion  
systems w a s  v ia  a J u p i t e r  f ly-by. I n  a d d i t i o n ,  t h e  i d e a l  
v e l o c i t y  requirements  w i th  J u p i t e r ' s  g r a v i t y  ass i s t ,  i . e . ,  
55,000 f t / s e c  are almost  t h e  same whether one wishes t o  go t o  
0 .1  AU o r ,  i n  f a c t ,  impact t h e  Sun. The i d e a l  v e l o c i t y  f o r  a 
d i r e c t  f l i g h t  t o  0 . 1  AU i s  about 70,000 f ee t / s econd ;  t o  reach  
t h e  apparent  s u r f a c e  o f  t h e  Sun (.005 AU) r e q u i r e s  a lmost  
100,000 f t / s e c .  
Never the less ,  
* D e f i n i t i o n  and d i scuss ion  of s p a c e c r a f t  problems, e .g .  
thermal  c o n t r o l ,  a r e  r\-- '  -.-vrd f o r  s e p a r a t e  miss ion  s t u d i e s .  
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Report  No. T-12 
AN ANALYSIS OF GRAVITY ASSISTED 
TRAJECTORIES I N  THE ECLIPTIC PLANE 
1. INTRODUCTION 
I n  t r a v e l i n g  through t h e  solar system from one c l ; j e t  
t o  ano the r ,  t h e r e  sometimes i s  a v a i l a b l e  the op t lon  of  f l y i n g  
by a t h i r d  p l a n e t  (and f o u r t h ,  f i f t h ,  e t c . )  befo re  reaching  t h e  
1 
f i n a l  o b j e c t i v e .  The g r a v i t a t i o n a l  f i e l d  of the. t h i r d  p l a n e t  
can a f f e c t  a s i g n i f i c a n t  change on t h e  v e h i c l e ' s  t r a j e c t o r y .  
This  e f f e c t  i s  known a s  a g r a v i t y  a s s i s t .  It has been demon- 
s t r a t e d  t h a t  g r a v i t y  a s s i s t e d  t r a j e c t o r i e s  can o f f c r  s i g n i f i c a n t  
advantages and/or  improvements i n  performance, i.e. WL*, t r i p  
t i m e ,  VHP and o p p o r t u n i t i e s ,  over d i r e c t  t r a j e c t o r i e s  w i t h  t h e  
same launch v e h i c l e  requirements .  H u n t e r  (1964)  has shown t h a t  
i t  i s  more a t t r a c t i v e  t o  do a c l o s e  f ly-by of t h e  Sun by f i r s t  
o b t a i n i n g  a g r a v i t y  a s s i s t  from J u p i t e r  than i t  i s  t o  proceed 
d i r e c t l y  t o  t h e  Sun from E a r t h ,  The p e n a l t y ,  i n  t h i s  c a s e ,  f o r  
_I- 
t h e  g r a v i t y  a s s i s t  i s  a much longer f l i g h t  t i m e .  
* 
Afiother s tudy  
A l i s t  of  a l l  l e t t e r s ,  s u b s c r i p t s  and abbreviations i s  given 
i n  Appendix A .  
- 
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(Minovitch 1963) r e p o r t s  d e s i r a b l e  energy requi rements  and 
launch o p p o r t u n i t i e s  f o r  g r a v i t y  a s s i s t e d  t r a j e c t o r i e s  i n c l u d i n g  
t h e  p l a n e t s  Mercury, Venus, E a r t h  and Mars. 
A review of  t h e  c u r r e n t  l i t e r a t u r e ,  i n c l u d i n g  t h e  two 
a r t i c l e s  c i t e d  above, i n d i c a t e d  a need f o r  f u r t h e r  a n a l y s i s  i n  
suppor t  o f  t h e  g r a v i t y  ass is t  techniques .  A s  a r e s u l t ,  t h i s  
s t u d y  w a s  conducted t o  o b t a i n  more informat ion  on g r a v i t y  
a s s i s t e d  miss ions  i n c l u d i n g  J u p i t e r ,  e i t h e r  as a t a r g e t  o r  an 
a s s i s t i n g  p l a n e t .  I n  a d d i t i o n ,  it w a s  f e l t  t h a t  t h e  conc lus ions  
of  such a s tudy  could  provide  u s e f u l  g u i d e l i n e s  t o  a more 
d e t a i l e d  a n a l y s i s  o f  i n t e r e s t i n g  g r a v i t y  a s s i s t e d  mis s ions .  
The g r a v i t y  a s s i s t  technique i s  e q u a l l y  a p p l i c a b l e  t o  
b o t h  b a l l i s t i c  and t h r u s t e d  t r a j e c t o r i e s .  T h i s  s t u d y  has  been 
conf ined  t o  t h e  use  o f  g r a v i t y  a s s i s t  w i t h  b a l l i s t i c  t r a j ec -  
t o r i e s ,  however. The o b j e c t i v e s  of t h i s  r e p o r t  a r e  t o  1) review 
t h e  ce l e s t i a l  mechanics o f  g r a v i t y  a s s i s t e d  t r a j e c t o r i e s ,  
2)  de te rmine  t h e  advantages and d isadvantages  o f  g r a v i t y  
a s s i s t e d  t r a j e c t o r i e s  f o r  t h e  fol lowing combinations o f  bodies  : 
1) Earth-Venus-Mercury 
2) Earth-Venus-Jupi ter  
3)  Earth-Mars-Jupi ter  
4 )  Ear th - Jup i t e r -Sa tu rn  
5 )  Ear th-Jupi te r -Outer  p l a n e t s  
6 ) Ear th-  J u p i t e r  -Sun 
and ( 3 )  based on t h e  r e s u l t s  i n d i c a t e  which o f  t h e s e  mis s ion  
t y p e s  w a r r a n t  a d e t a i l e d  a n a l y s i s .  
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The ground r u l e s  e s t a b l i s h e d  f o r  t h i s  s tudy  are as 
follows : 
1) A two-dimensional s o l a r  system w i t h  c i r c u l a r  
e c l i p t i c  o r b i t s  f o r  a11 p lane ts  except  Mercury, 
which i s  assumed t o  have a coplanar  o r b i t  b u t  
w i t h  an e c c e n t r i c i t y  of  0 . 2 ,  
2)  A con ic  t r a j e c t o r y  a n a l y s i s ,  i . e .  , u t i l i z a t i o n  
o f  two-body equat ions  of  motion, 
3)  No launch o r  i n t e r c e p t  t i m e  c o n s t r a i n t s  - 
h e l i o c e n t r i c  t r a j e c t o r i e s  are t e rmina ted  when 
they  r each  t h e  o r b i t  r a d i u s  of t h e  g r a v i t y  
a s s i s t  or t h e  t a r g e t  body, 
4 )  All t r a j e c t o r i e s  begin from E a r t h ' s  o r b i t ,  
5) Gravity a s s i s t e d  p e r t u r b a t i o n s  a3pl.y on ly  t o  
t h e  v e l o c i t y  v e c t o r  a t  r h e  t i m e  t h e  t r a j e c t o r y  
reaches  a p o i n t  mass which r e p r e s e n t s  t h e  
g r a v i t y  ass i s t  body, 
6 )  Only one g r a v i t y  ass is t  mawuver  between t h e  
E a r t h  and t h e  t a r g e t  o b j e c t i v e .  
Table  1 c o n t a i n s  a c o n s i s t e n t  s e t  of  pLanetary d a t a  used f o r  
ASC/IITRI numerical  t r a j e c t o r y  a n a l y s i s .  
of t h e  p l a n e t s '  o r b i t s  (except  Mercury) were s e l e c t e d  from t h e  
t a b l e  as t h e  c i r c u l a r  o r b i t  r a d i i .  
2 .  DISCUSSION OF METHOD 
The semi -ma ;  o r  axes  
There are a number o f  methods f o r  ana lyz ing  t h e  g r a v i t y  
ass is t  phase o f  an i n t e r p l a n e t a r y  t r a j e c t o r y .  The technique  
s e l e c t e d  i n  t h i s  s tudy  i s  mathematical ly ,  perhaps t h e  s i m p l e s t .  
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It employs t h e  concept  o f  a sphere-of- inf luence as a geometr ica l  
d e f i n i t i o n  of t h e  g r a v i t a t i o n a l  f i e l d  of t h e  p e r t u r b i n g  p l ane t .  
The r a d i u s  o f  t h e  sphere  has  been de f ined  by Laplace 
1925) as 
(Hohmann 
where 
Rb = t h e  d i s t a n c e  o f  t h e  p e r t u r b i n g  p l a n e t  from t h e  
Sun, 
mb = t h e  mass of t h e  pe r tu rb ing  p l a n e t ,  
M = t h e  mass o f  t h e  Sun. 
Table  2 (S tearns  1963) l i s t s  t h e  r a d i i  o f  i n f l u e n c e  o f  t h e  
p l a n e t s  o f  t h e  s o l a r  system. Since t h i s  s tudy  i s  r e s t r i c t e d  t o  
a two-dimensional a n a l y s i s ,  t h e  r eg ion  of a c t i v i t y  w i l l  be 
r e f e r r e d  t o  below a s  t h e  c i r c l e - o f - i n f l u e n c e ,  COS. 
The method i s  desc r ibed  by beginning w i t h  t h e  hyperbol ic  
escape  v e l o c i t y ,  VHL, and t h e  i n j e c t i o n  f l i g h t  p a t h  ang le ,  y, 
s p e c i f i e d  as i n i t i a l  c o n d i t i o n s  a t  escape from E a r t h  (P1). 
h e l i o c e n t r i c  t r a j e c t o r y  t o  the g r a v i t y  assist  p l a n e t  (P2) i s  
determined as shown i n  F igure  1. The p o i n t  of i n t e r s e c t i o n  of 
P 2 ' s  o r b i t  becomes t h e  f i x e d  p o s i t i o n  of  a p o i n t  m a s s  which 
r e p r e s e n t s  t h e  p e r t u r b i n g  p l ane t .  While i t  i s  understood t h a t  
the s p a c e c r a f t ' s  t r a j e c t o r y  does n o t  a c t u a l l y  i n t e r s e c t  P2 ,  t h e  
p l a n e t ' s  o r b i t  i s  a convenient  boundary p o i n t  a t  which t o  
The 
t e r m i n a t e  t h e  p r e - a s s i s t  h e l i o c e n t r i c  t r a j e c t o r y . .  The space- 
c r a f t ' s  p o s i t i o n ,  R2,  and veLocity v e c t o r ,  VI2. are computed 
a t  t h i s  p o i n t .  
,- 
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t .  
Table 2 I 
RADII OF SPHERES OF INFLUENCE 
Astronomical 
Planet Units* Kilometers x rs’rp lane t 
Mer cur y 0.000746 11.16 46 
Venus 0,00412 61.63 102 
Earth 0.00618 92.45 14 2 
Mars 0.00378 56.55 19 0 
1 Jupiter 0.3216 4811.10 706 
Saturn 0.3246 4855.98 848 
Uranus 0.346 5176.13 2,180 
Neptune 0.5805 8684.22 4 000 
I , 
I 
P l u t o  0.2366 3539,51  fb  12,000 
8 * 1 AU = 1.49599 x 10 kilometers 
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The d i s t a n c e  t r a v e l e d  wi th in  t h e  g r a v i t a t i o n a l  f i e l d  o f  
P2 ( C O I )  i s  s m a l l  by comparison w i t h  t h e  t o t a l  t r a j e c t o r y  d i s -  
t ance  from Ear th  (P1) t o  t h e  t a r g e t  p l a n e t  (P3). 
i t  i s  assumed t h a t  a f i x e d  p o s i t i o n ,  equal  t o  t h e  p o s i t i o n  R2 
o f  t h e  p o i n t  mass o f  P2 ,  i s  s u f f i c i e n t l y  r e p r e s e n t a t i v e  (on a 
h e l i o c e n t r i c  s c a l e )  of  t h e  s p a c e c r a f t  whi le  i t  i s  w i t h i n  t h e  
C O I .  It i s  a l s o  assumed t h a t  t h e  s p a c e c r a f t ' s  h e l i o c e n t r i c  
v e l o c i t y  upon e n t e r i n g  t h e  C O I  a t  E may be approximated by 
t h e  v e l o c i t y  v e c t o r ,  V12, as i s  shown i n  F igure  2.  
Therefore ,  
- 
The p o i n t  of  e n t r a n c e ,  E ,  on t h e  C O I ,  w i t h  r e s p e c t  t o  
P2 i s  f i x e d  by spec i fy ing  t h e  m i s s  d i s t a n c e  of c l o s e s t  approach,  
p ,  and knowing t h e  h e l i o c e n t r i c  v e l o c i t y  v e c t o r ,  V12. 
i n  E w i t h  new v a l u e s  of t h e  parameter,  p ,  are accommodated by 
s m a l l  changes i n  t h e  t i m e  of launch a t  Ear th .  
VZ1, w i t h  r e s p e c t  t o  P2,  a t  poin t  E ,  a s  shown i n  Figure 2 ,  i s  
determined by t h e  v e c t o r  s u b t r a c t i o n  
- 
Changes 
The v e l o c i t y ,  
- 
where i s  t h e  g r a v i t y  ass is t  p l a n e t ' s  v e l o c i t y  v e c t o r  a t  t h e  
p o s i t i o n  o f  i t s  p o i n t  mass. From t h e  conse rva t ion  o f  energy 
of  t h e  hyperbol ic  f ly-by  t r a j e c t o r y  i t  can be shown t h a t  t h e  
v e l o c i t y  v e c t o r ,  V22,  a t  the  poin t  of depa r tu re ,  L ,  of t h e  C O I  
i s  equa l  i n  magnitude t o  v21. 
and v22 d i f f e r  by an a n g l e ,  a ,  a s  i l l u s t r a t e d  i n  Figure 2 .  
s o l u t i o n  f o r  t h e  a n g l e ,  a ,  i s  given as 
P 
- 
However, t h e  d i r e c t i o n s  of v21 
The 
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I where,  B,  t h e  asymptot ic  m i s s  d i s t ance  i s  de f ined  a s  
B =  
and 
p = m i s s  d i s t a n c e  of  closest  approach,  
VZ1 = asymptot ic  approach speed, 
Kb = g r a v i t a t i o n a l  parameter of P2. 
The d e r i v a t i o n  of equat ions  (B9) and (B14) i s  p resen ted  i n  
L Appendix B. 
V21, completely d e f i n e s  t h e  v e c t o r ,  V22. 
a d d i t i o n ,  i . e .  
Knowing t h e  va lue  of a and t h e  v e l o c i t y  v e c t o r ,  - - 
Using s imple v e c t o r  
- 
t h e  p o s t - a s s i s t  h e l i o c e n t r i c  v e l o c i t y  v e c t o r ,  V31, i l l u s t r a t e d  
i n  F igures  1 and 2 ,  i s  determined. 
Again n e g l e c t i n g  s m a l l  d i f f e r e n c e s  i n  p o s i t i o n  and 
v e l o c i t y ,  t h e  p o s t - a s s i s t  h e l i o c e n t r i c  t r a j e c t o r y  i s  s t a r t e d  
a t  t h e  p o i n t  of  P2 w i t h  an i n i t i a l  h e l i o c e n t r i c  v e ' o c i t y  vec to r  
equa l  t o  V31. 
mined. The f l i g h t  i s  terminated a t  t h e  i n t e r s e c t i o n  of  t h e  
The e lements  of  t he  t r a j e c t o r y  t o  P3 a r e  d e t e r -  
o r b i t  of P3.  
of t h e  boundary c o n d i t i o n s ,  i . e . ,  p o s i t i o n ,  v e l o c i t y  and t i m e ,  
The method i s  completed wi th  t h e  de te rmina t ion  
* Letters preceding equat ion  numbers i n d i c a t e  t h a t  t h e s e  equat ions  
have been de r ived  i n  t h e  Appendix bear ing  t h e  same l e t t e r .  
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a t  t h e  t a r g e t .  This  method of a n a l y s i s  i s ,  o f  cour se ,  an 
approximation of t h e  t r u e  motion of a s p a c e c r a f t  on a g r a v i t y  
a s s i s t e d  mission.  
The f i r s t  miss ion  d iscussed  i n  t h e  r e s u l t s  i s  t h e  Earth-  
Venus-Mercury f l i g h t .  This  case was s e l e c t e d  t o  check t h e  
accuracy of t h e  method by comparing t h e  r e s u l t s  w i t h  a s i m i l a r  
case conducted by Minovitch (1963). H e  i n  t u r n  has  checked 
h i s  d a t a  w i t h  exac t  s o l u t i o n s  of t h e  same miss ion  (Cut t ing  and 
SturrrLs 1964). 
3 .  ANALYTICAL MAXIMUM FORMULAS 
I n  a d d i t i o n  t o  t h e  above equa t ions ,  t h e r e  are  a n a l y t i -  
c a l  express ions*  f o r  t h e  maximum v e l o c i t y  and energy changes 
which can  be made by a g r a v i t j  a s s i s t i n g  body. 
o f  t h e s e  express ions  are g iven  i n  Appendix C. The r e s u l t s  and 
d i s c u s s i o n  are p resen ted  here .  
The d e r i v a t i o n s  
Consider f i r s t  t h e  v e l o c i t y  change, DV, due t o  g r a v i t y  
assist .  The maximum v e l o c i t y  change (from Appendix B) i s  
where 
vh = hyperbol ic  approach v e l o c i t y ,  V21 o r  V22.  
S e v e r a l  important  conclus ions  may be drawn from equat ion  (C10). 
F i r s t ,  t h e  magnitude of t h e  maximum v e l o c i t y  change i s  i n v e r s e l y  
p r o p o r t i o n a l  t o  t h e  d i s t a n c e  of c l o s e s t  approach, p. I n  o t h e r  
* These a n a l y t i c a l  expres s ions  w e r e  de r ived  under t h e  assump- 
t i o n  o f  a 2-D s o l a r  system and two-body motion. 
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words, t h e  close:,  approach p o s s i b l e  (one body r a d i u s  i f  no 
atmosphere e x i s t s )  should be s e l e c t e d  t o  a f f o r d  t h e  g r e a t e s t  
change i n  t h e  v e l o c i t y  v e c t o r .  Secondly,  on ly  one c o n s t r a i n t  
must be m e t  by t h e  p r e - a s s i s t  h e l i o c e n t r i c  t r a j e c t o r y  f o r  maxi- 
mum v e l o c i t y  change. It i s  given by t h e  r e l a t i o n  
For a g iven  va lue  o f  p ,  a g r e a t  number o f  v,, v e c t o r s  s a t i s f y  
equa t ion  ( 4 ) .  
t r a j e c t o r i e s  which provide a maximum DV maneuver a t  t h e  g r a v i t y  
a s s i s t  body. 
w i t h  a n  E a r t h  launch. 
Hence t h e r e  a r e  many p r e - a s s i s t  h e l i o c e n t r i c  
Some o f  t h e s e  t r a j e c t o r i e s  could  be achieved  
The maximum energy change, A E ,  due t o  a g r a v i t y  ass i s t  
i s  
'Emax = v P h  v = YPVF 
w i t h  t h e  c o n s t r a i n t  t h a t  
1) B, = 120" and B 2  = 60" f o r  energy a d d i t i o n ,  
2)  B, = 60" and 8, = 120" f o r  energy s u b t r a c t i o n .  
The a n g l e s  ,6, and p 2  a r e  def ined  i n  F igure  2 .  The case o f  
maximum energy a d d i t i o n  i s  i l l u s t r a t e d  i n  t h e  f i g u r e .  
The c o n d i t i o n  f o r  maximum v e l o c i t y  change g iven  i n  
e q u a t i o n  (c10) i s  
Examining eq,(C19) above, i t  i s  obvious ly  concluded t h a t  t h e  maximum 
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energy  change c a s e  i s  a l s o  a maximum velocity change case., 
However, t h e  c o n d i t i o n s  f o r  maximum energy change are  more 
res t r ic t ive  than  t h o s e  t h a t  apply t o  maximum v e l o c i t y  change. 
The v e l o c i t y  v e c t o r ,  V12, a t  po in t  E i n  F igure  2 i s  completely 
d e f i n e d  by t h e  fo l lowing  c o n s t r a i n t s  f o r  maximum energy change: 
- 
2) ,6, = 120" ( f o r  maximum energy a d d i t i o n ) ,  
3 )  vp = v e l o c i t y  v e c t o r  o f  t h e  g r a v i t y  ass is t  body. 
The same reasoning  i s  a p p l i c a b l e  t o  t h e  d e f i n i t i o n  o f  t h e  
v e l o c i t y  v e c t o r ,  a t  p o i n t  L i n  F igu re  2. S ince  t h e  h e l i o -  
c e n t r i c  p o s i t i o n  of  t h e  s p a c e c r a f t  du r ing  i t s  t r a v e r s a l  o f  t h e  
COI i s  assumed f i x e d  (and e q u a l  t o  t h e  g r a v i t y  ass is t  body's 
s o l a r  p o s i t i o n  which d e f i n e s  the  t h i r d  c o n s t r a i n t  above, 
t h e  h e l i o c e n t r i c  p r e - a s s i s t  and p o s t - a s s i s t  t r a j e c t o r i e s  
a s s o c i a t e d  w i t h  maximum energy change are  unique and known. 
From t h e  symmetry o f  t h e  energy a d d i t i o n  and s u b t r a c t i o n  so lu -  
t i o n s  i t  can a l s o  be shown t h a t  t h e s e  t r a j e c t o r i e s  are j u s t  
r e v e r s e d  ( p o s t - a s s i s t  becoming pre-assist and vice v e r s a )  when 
maximum energy s u b t r a c t i o n  r a t h e r  t han  a d d i t i o n  i s  cons idered .  
From t h e  c a l c u l a t i o n  o f  t h e  p e r i h e l i o n  and aphe l ion  of  t h e s e  
t r a j e c t o r i e s  i t  i s  p o s s i b l e  t o  determine whether o r  n o t  a maxi- 
- 
r 
- 
vP) 
mum energy t r a n s f e r  a t  t h e  s p e c i f i e d  g r a v i t y  a s s i s t  body can 
be achieved  w i t h  a launch from Earth.  
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Table 3 c o n t a i n s  a l i s t  of t h e  p l a n e t s  o f  t h e  s o l a r  
system, o rde red  accord ing  t o  t h e  maximum DV a v a i l a b l e  f o r  a 
m i s s  d i s t a n c e  o f  one p l a n e t  r ad ius .  A second l i s t  i s  g iven  
bu t  o rde red  accord ing  t o  t h e  maximum AE a v a i l a b l e .  
Table  3 a r e  t h e  p e r i h e l i o n  and aphel ion o f  t h e  r e q u i r e d  h e l i o -  
c e n t r i c  t r a j e c t o r i e s  t o  a f f e c t  the maximum energy change. 
Notice t h a t  t h e  o r d e r i n g  of p l a n e t s  d i f f e r s  between t h e  two 
l i s t s .  Th i s  i s  exp la ined  by t h e  f ac t  t h a t  t h e  maximum energy 
change (equat ion  (C19)) i s  a func t ion  of t h e  p l a n e t  v e l o c i t y ,  
Included i n  
, as w e l l  as t h e  g r a v i t a t i o n a l  parameter ,  Kb, and t h e  d i s t a n c e  
vP 
of c l o s e s t  approach, p. 
mine t h e  maximum v e l o c i t y  change (equat ion  (ClO)). 
4 .  NUMERICAL APPROACH 
Only K,, and p are r e q u i r e d  t o  d e t e r -  
A numerical  program f o r  t h e  PBM 7094 Dig i t a l  Computer 
w a s  c o n s t r u c t e d  t o  i n v e s t i g a t e  g r a v i t y  a s s i s t e d  miss ions  i n  t h e  
manner d i s c u s s e d  above, The program w a s  formula ted  on t h e  
ground r u l e s  given i n  t h e  i n t r o d u c t i o n  and does no t  recognize  
t h e  l a u n c h - i n t e r c e p t  d a t e  problem, i o e o ,  i t  does no t  g e n e r a t e  
launch  o p p o r t u n i t i e s .  Therefore  t h e  r e s u l t s  o f  t h e  mission 
s t u d i e s  below can on ly  be cons idered  as pa rame t r i c  conclus ions  
and do n o t  i n  gene ra l  app ly  t o  any g iven  launch pe r iod .  
n o t a b l e  excep t ion  t o  t h i s  r e s t r i c t i o n  i s  t h e  E a r t h - J u p i t e r -  
S o l a r  Probe miss ion .  
A 
I n  a d d i t i o n  t o  t h e  ground r u l e s  se t  f o r t h  i n  t h e  i n t r o -  
d u c t i o n  t h e  fo l lowing  d e f i n i t i o n s  were used f o r  t h e  numerical  
approach : 
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1) I d e a l  v e l o c i t y  i s  def ined a s  
nv = ?/(VHL)* + (36,178)' + 4000 f t / s e c .  
2) T o t a l  t r i p  t i m e  i s  def ined  a s  t h e  sum o f  t h e  t r i p  
times of h e l i o c e n t r i c  t r a j e c t o r i e s  between Ea r th  
and the  g r a v i t y  a s s i s t  body and between t h e  
g r a v i t y  a s s i s t  body and t h e  t a r g e t  body. 
The program performs an automatic paramet r ic  v a r i a t i o n  o f  t h e  
hype rbo l i c  excess  v e l o c i t y ,  VHL, t h e  i n i t i a l  i n j e c t i o n  f l i g h t  
p a t h  a n g l e ,  y, ( see  F igure  1) and t h e  d i s t a n c e  o f  c l o s e s t  
approach a t  t h e  g r a v i t y  a s s i s t  p l a n e t ,  p .  The r e s u l t i n g  t r i p  
t i m e  i s  p l o t t e d  a g a i n s t  t h e s e  parameters .  T r a j e c t o r y  p e r f o r -  
mance conclus ions  f o r  t h e  mission under c o n s i d e r a t i o n  a r e  drawn 
from t h e s e  and a s s o c i a t e d  cross p l o t s .  The graphs w i l l  be d i s -  
cussed b r i e f l y  below be fo re  t h e  mission performance r e s u l t s  
a r e  p re sen ted .  The program requires  only  about  0 . 1  seconds on 
t h e  IBM 7094 t o  g e n e r a t e  a complete t r a j e c t o r y  from launch t o  
t a r g e t .  
5. MISSION RESULTS 
I n  Table 3 i t  can be seen t h a t  J u p i t e r  provides  both  
t h e  maximum v e l o c i t y  change and t h e  maximum energy change. 
The v a r i a t i o n  of  t h e  v e l o c i t y  and energy changes w i t h  m i s s  
d i s t a n c e  a t  J u p i t e r  i s  p l o t t e d  i n  F igu re  3 .  
t r a t e s  t h a t  t he  g a i n s  i n  v e l o c i t y  and energy changes i n c r e a s e  
r a p i d l y  a s  t h e  m i s s  d i s t a n c e  approaches t h e  r a d i u s  o f  J u p i t e r .  
Improvements i n  t r a j e c t o r y  performance gained through g r a v i t y  
a s s i s t ,  a r e  convenient ly  measured by t h e  v e l o c i t y  change 
The f i g u r e  i l l u s -  
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achieved.  Therefore ,  where mission c o n s t r a i n t s  a l low,  i t  i s  
u s u a l l y  most advantageous t o  pass as c l o s e  t o  t h e  g r a v i t y  
assist  p l a n e t  as i s  p o s s i b l e .  
Fac to r s  which c o n s t r a i n  t h e  performance o f  g r a v i t y  
a s s i s t e d  t r a j e c t o r i e s  are 1) p l a n e t a r y  atmospheres,  2)  accuracy 
o f  t r a c k i n g ,  3 )  plane  changes r equ i r ed  i n  three-dimensional  
space ,  and 4 )  phasing requirements imposed by t h e  p h y s i c a l  
p o s i t i o n s  o f  t h e  p l a n e t s  a t  t h e  t i m e  of launch. The f i r s t  two 
i t e m s ,  i n  p a r t i c u l a r ,  p r o h i b i t  t he  u s e  of a g raz ing  approach 
t o  t h e  p e r t u r b i n g  p l a n e t ,  Never the less ,  i n  p repa r ing  t h e  
numer ica l  d a t a ,  i t  w a s  dec ided  t h a t  t h e  b e s t  g a i n s  i n  p e r f o r -  
mance from g r a v i t y  ass is t  should be p re sen ted  d e s p i t e  t h e s e  
p h y s i c a l  l i m i t a t i o n s .  Therefore ,  t h e  r e s u l t s  of t h i s  s tudy  
r e p r e s e n t  a r e f e r e n c e  upper l i m i t  i n  t h e  advantage o f  b a l l i s t i c  
g r a v i t y  a s s i s t e d  t r a j e c t o r i e s  over d i r ec t ,  f l i g h t s .  S u f f i c i e n t  
a d d i t i o n a l  d a t a  has  been included t o  a s s e s s  performance 
degrada t ion  due t o  o t h e r  t han  graz ing  m i s s  d i s t a n c e s  a t  t h e  
g r a v i t y  a s s i s t i n g  p l a n e t .  
5 .1  Earth-Venus-Mer@ury 
The t r a j e c t o r y  f o r  t h i s  miss ion  begins  a t  E a r t h  (P1)' 
f l y s  by Venus (P,) and i n t e r c e p t s  Mercury (P3)" 
e l l i p t i c i t y  o f  Mercury's o r b i t ,  two i n t e r c e p t  cases were 
s t u d i e d ;  1) Mercury a t  i t s  p e r i h e l i o n ,  and 2)  Mercury a t  i t s  
Due t o  t h e  
aphe l ion .  
F igure  4 i s  t h e  "data" graph from which t h e  miss ion  
a n a l y s i s  i s  made; i t  i s  p l o t t e d  d i r e c t l y  from computer ou tput .  
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The t o t a l  t r i p  t i m e  from :PI bia P t o  P3 i s  g iven  on t h e  2 
o r d i n a t e  and t h e  d i s t a n c e  of c l o s e s t  approach t o  P2 i s  given 
i n  body r a d i i  a long  t h e  a b s c i s s a .  
p l o t t e d  f o r  a d i f f e r e n t  ideal.  v e b o ~ l t y .  
Each curve  on t h e  graph  i s  
A m i s s  d i s t a n c e  o f  
one corresponds t o  skimming the s u r f a c e  of P2"  
r a d i u s  of P2 i s  g iven  i n  k i lometers  a long  t h e  v e r t i c a l  d o t t e d  
l i n e .  
s e n t s  a s p e c i f i c  g r a v i t y  a s s i s t e d  t r a j e c t o r y  w i t h  a de f ined  
i d e a l  v e l o c i t y ,  t r i p  t i m e  and miss d i s t a n c e ,  
The s u r f a c e  
It should  be noted  t h a t  every p o i n t  on t h e  graph r ep re -  
F igures  4 and 5 are p l o t t e d  for Mercury a t  its p e r i -  
h e l i o n  (0.31 AU).  Observe i n  Figure 4 ,  f o r  a f i x e d  m i s s  
d i s t a n c e ,  t h a t  t h e  improvement (decrease)  i n  t r i p  t i m e  i s  
reduced a t  t h e  h ighe r  i d e a l  v e l o c i t i e s .  For a f i x e d  i d e a l  
v e l o c i t y  t h e  s h o r t e s t  t r i p  t i m e  ( i n d i c a t e d  by a c i rc le  on each 
v e l o c i t y  curve)  occurs  w i t h  t h e  c l o s e s t  p o s s i b l e  approach t o  
Venus, i . e . ,  6200 k i lome te r s .  These minimum t r i p  t i m e  p o i n t s  
may be r e p l o t t e d  as a f u n c t i o n  o f  i d e a l  v e l o c i t y  and t i m e  t o  
c o n s t r u c t  a "minimum t i m e "  mission cu rve ,  This  i s  done i n  
F igu re  5. 
P3 i s  a l s o  p l o t t e d  a g a i n s t  i d e a l  v e l o c i t y  and t r i p  t i m e .  
g r a v i t y  a s s i s t e d  f l i g h t s  are  b e t t e r  t han  t h e  d i r e c t  f l i g h t s  
when t h e  i d e a l  v e l o c i t y  i s  less t han  52,200 f t / s e c ,  That  i s ,  
f i x i n g  e i t h e r  i d e a l  v e l o c i t y  or  t r i p  t i m e  reduces t h e  o t h e r  
w i t h  t h e  g r a v i t y  ass is t  technique,  
For comparison, a d i r e :  miss ion  curve  €rom P1 t o  
The 
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As an  exanple  of  t h e  energy sav ings ,  t h e  minimum i d e a l  
v e l o c i t y  r e q u i r e d  f o r  a d i r e c t  t r i p  t o  Mercury (a t  p e r i h e l i o n )  i s  
51,400 f t / sec  r e q u i r i n g  96 days to  g e t  t h e r e .  
t i m e  t h e  Venus f ly-by  mission t o  Mercury r e q u i r e s  an i d e a l  vel- 
o c i t y  of  48,700 f t /sec,  L e . ,  a r educ t ion  of  2700 f t /sec.  Select- 
i n g  a 120 day t r i p  t i m e  and using a Venus ass i s t ,  t h e  r e q u i r e d  
v e l o c i t y  t o  r each  Mercury i s  f u r t h e r  reduced t o  45,000 f t / s e c .  
The "data" graph f o r  Mercury a t  i t s  aphel ion  (0.47 AU) 
For t h e  same t r i p  
i s  shown i n  F igure  6 .  Again t h e  b e s t  t r i p  t i m e  a t  a f i x e d  i d e a l  
v e l o c i t y  i s  achieved a t  t h e  smallest m i s s  d i s t a n c e  of Venus, bu t  
n o t e  now t h a t  t h e  i n i t i a l  i d e a l  v e l o c i t y  r e q u i r e d  t o  reach  
Mercury i s  much less than i n  Figure 4 ,  i . e . ,  41 ,500  f t / s e c  i n -  
s t e a d  o f  45,200 f t / s e c .  
p l o t t e d  i n  Figure 7 .  Here t h e  break even p o i n t  between d i r e c t  
and g r a v i t y  a s s i s t e d  f l i g h t s  i s  a t  46,250 f t / s e c  and 95 days 
t r i p  t i m e .  A t  h i g h e r  v e l o c i t i e s  d i r e c t  f l i g h t s  are b e t t e r  and 
below t h i s  g r a v i t y  a s s i s t e d  f l i g h t s  are b e t t e r .  Although t h e  
g r a v i t y  assist  sav ings  are no t  as  s i g n i f i c a n t  when Mercury i s  
a t  i t s  aphel ion ,  t h e  i d e a l  v e l o c i t y  requirements  are so low f o r  
t h e  Venus f ly-by  missions w i t h  t r i p  t i m e s  g r e a t e r  than 140 days 
as t o  make medium class launch v e h i c l e s  a t t ract ive.  With t h e  
g r a v i t y  assist  from Venus, Mercury can be reached i n  170 days 
w i t h  a n  i d e a l  v e l o c i t y  of 41,500 f t / sec .  
Atlas-Agena launch v e h i c l e  has  a payload c a p a b i l i t y  of 580 
pounds; t h e  Atlas-Centaur  provides a payload of 1900 pounds. 
The "minimum t i m e "  miss ion  curve i s  
For t h i s  mission t h e  
As a check of  t h e  two-dimensional a n a l y s i s ,  t h e  v a r i a t i o n  
o f  i d e a l  v e l o c i t y  and t r i p  time a c r o s s  an a c t u a l  launch window 
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(7/25/70 t o  9/13/70j  of  ail Earth-Venus-Mercury ( 0 , 4 7  AU) miss ion  
was added t o  Figure 7 ,  The da t a  f o r  t h i s  launch window curve  
was taken from a complete three-d imens iona l  a n a l y s i s  o f  t h i s  
p a r t i c u l a r  mission (Minovitch 1963) The curve  r e p r e s e n t s  t h e  
b e s t  launch window between 1965 and 1973, There i s  less  than  
one p e r c e n t  d i f f e r e n c e  i n  i d e a l  v e l a c i t y  between t h e  two curves  
a t  t h e i r  c l o s e s t  p o i n t .  P a r t  of  t n e  d i f f e r e n c e  between t h e  
minimum t i m e ' '  curve and t h e  launch window curve  i s  exp la ined  
by geometry c o n s t r a i n t s  which d i c t a t e d  m i s s  d i s t a n c e s  somewhat 
g r e a t e r  than  t h e  optimum f o r  an actual. u p p o r t u n i t y ,  A two-dimen- 
s i o n a l  example f o r  t h i s  laur,ch windaw i s  i l l u s t r a t e d  i n  F igure  8*. 
11 
Severa l  obse rva t ions  can be made i n  summarizing t h e  
miss ions  t o  Mercury, I f  ve ry  sho r t  f l i g h t  times a r e  r e q u i r e d  a t  
t h e  c o s t  o f  h ighe r  i d e a l  v e l o c i t i e s ,  d i r e c t  miss ions  a r e  s u p e r i o r .  
Grav i ty  a s s i s t  mi s s ions  t o  Mercury a r e  d e f k n i t e l y  d e s i r a b l e  w i t h  
longe r  t r i p  t i m e s ,  o r  sma l l e r  launch v ~ h i c l e s o  IE f a c t  i f  t h e  
t r i p  t i m e  i s  r e l a x e d  beyond 120 days ,  tt,ese miss ions  impose only  
modest launch v e h i c l e  requirements  Venus o b j e c t i v e s  should n o t  
be too  d i f f i c u l t  t o  acccmplish dur ing  f l y - b y  The CmdP f o r  g r a v i t y  
a s s i s t  i s  on ly  about 10% h ighe r  than  t h e  hype rbo l i c  approach speed 
o f  a d i r e c t  Venus f l y - b y  mission Gutdance r2quirements  f o r  a 
g r a v i t y  a s s i s t  f l i g h t ,  wh i l e  u sua l ly  more s t r i n g e n t  t han  they  
a r e  f o r  d i r e c t  f l i g h t ,  have been sbcwn t o  be  modest ( i i t t i n g  and 
Sturms 1964) .  For t h e  1970 Venus f l y - b y  t o  Mercury 150 pounds of  
p r o p e l l a n t  and p ropu l s ion  hardware a r e  r e q u i r e d  of a 1300 pound 
s p a c e c r a f t  f o r  midcourse c o r r e c t i o n s ,  Even though t h i s  i s  more 
~~~ - ~~ 
* A s i m i l a r  example has been i l l u s t r a t e d  by Minovi tch,  
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than would be r e q u i r e d  f o r  a d i r e c t  flight to Mercury ,  i t s  e f f e c t  
on s p a c e c r a f t  weight i s  small. when compared t o  t h e  payload growth 
r e a l i z e d  by t h e  r educ t ion  i n  i d e a l  v e l o c i t y  f o r  g r a v i t y  a s s i s t e d  
f l i g h t s  e 
5 . 2  Earth-Venus-Zugiter 
A s tudy  of  t h e  Earth-Venus-Jupi ter  miss ion  r e v e a l e d  t h a t  
t h i s  combination o f  p l a n e t s  for a g r a v i t y  a s s i s t e d  f l i g h t  t o  
J u p i t e r  i s  ve ry  i n e f f i c i e n t ,  Over  t h e  range o f  i d e a l  v e l o c i t i e s  
between 48,000 and 54,000 f t / s e c ,  f o r  Venus m i s s  d i s t a n c e s  from 
one t o  t e n  Venus r a d i i ,  and a l l  a n g l e s  of p r  (0 "  t o  -180"; see 
F igure  l), t h e  f u r t h e s t  po in t  reached by a l l .  post-Venus t ra jec-  
t o r i e s  was less than  3 AC from the  Sun, T h i s  i s  contrasted by 
an aphe l ion  o f  g r e a t e r  t han  10 AU f o r  a d i r e c t ,  E a r t h  d e p a r t u r e  
t r a j e c t o r y  ( p e r i h e l i o n  of h AU) w i t h  an ideal .  v e l o c i t y  o f  54,000 
f t / s e c .  After a l l  t h e  r e s u l t s  were t a b u l a t e d ,  i t  was concluded 
t h a t  t h e  Earth-Venus-Jupi ter  f l i g h t  was t h e  l e a s t  f avorab le  
g r a v i t y  a s s i s t e d  mission considered i n  t h e  s t u d y "  
5.3 Ear th-Mars-Jupi te r  
The "data" graph f o r  t h e  Eartk-Mars-2upi ter  f l i g h t  i s  
p l o t t e d  i n  F igu re  9 ,  The sbo r re s t  rime p o i n r s  a r e  r e p l o t t e d  t o  
form t h e  ''minimum t i m e ' '  miss ion curvz i n  Y:gur? kO Compared t o  
t h e  d i r e c t  f l i g h t  curve i t  shows I i t t l ?  imprcb-ement i n  e i t h e r  
i d e a l  v e l o c i t y  o r  f l i g h t  t i m e  except a t  t h e  lcwer end of  t h e  
cu rve  (AV <51,000 f t / s e c )  ~ 
A c u r s o r y  look a t  launch o p p o r t u n i t i e s  r evea led  t h a t  
t h e  n e x t  Earth-Mars-Jupi ter  launch pe r iod  occurs  i n  1984, A 
p a r t i c u l a r  f l i g h t  f o r  t h i s  oppor tun i ty  i s  stown i n  F igure  11 
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along with some time varying distance curves in Figure I:. It 
is observed that the Mars gravitational field does not affect 
a significant variation in that trajectory. This restriction 
coupled with the long Earth-Mars synodic period (780  days) 
accounts for the rarity of launch opportunities. Et may be 
possible, however, with a more detailed three-dimensional 
analysis to determine one or two additional launch opportunities 
to Jupiter Jia Mars before 1984.  In addition to the opportunity 
shortage the approach velocity to Mars is more than twice as 
large as a direct Mars fly-by mission, e.g. 14.9 km/sec for the 
case illustrated in Figure 1,. Hence it becomes difficult to 
accomplish Mars objectives during f ly-by. Considering the 
added complexity in the mission profile of the Jupiter mission , 
when a Mars assist is included, and the moderate returns in 
trajectory performance, as with Venus there is reason to favor 
the direct rather than gravity assisted flights to Jupiter. 
5.4 Earth-Jupiter-Saturn 
The "data" graph for Earth-Jupiter-Saturn missions is 
plotted in Figure 1 3 .  Unlike Venus and Mars assists, the 
minimum time points on the ideal velocity curves do not occur 
at the closest possible approach to Jupiter. The explanation 
for this is both gravitational and geometrical. 
It has been shown in Figure 3 that the closer the 
spacecraft comes to Jupiter for a graviry assist the more 
velocity transfer that results. For Earth launched flights a 
near Jupiter miss is reflected in the post-assist heliocentric 
I l T  R E S E A R C H  I N S T I T U T E  
20 
.. 
t r a j e c t o r y  by g i v i n g  t h e  s p a c e c r a f t  a more t a n g e n t i a l  d e p a r t u r e  
t o  J u p i t e r ' s  o r b i t .  F igure  I_+ i l l u s t r a t e s  t h i s  e f f e c t .  With 
a v e r y  large m i s s  d i s t a n c e  (no e f f e c t i v e  v e l o c i t y  change) t h e  
s p a c e c r a f t  proceeds a long  i t s  p r e - a s s i s t  t r a j e c t o r y  t o  P3 a t  
p o i n t  B. But, w i t h  a nea r  m i s s  a t  P2 ( l a r g e  v e l o c i t y  a d d i t i o n )  
t h e  f l i g h t  p a t h  i s  bent  toward the  o r b i t  o f  P2 and consequent ly  
. t h e  s p a c e c r a f t  i n t e r c e p t s  P3 a t  p o i n t  C. 
Now, when P 3 ' s  o r b i t  r a d i u s  does n o t  d i f f e r  g r e a t l y  
from t h a t  o f  P2, i . e . ,  R3 i s  l e s s  t han  2R2, t h e  r a d i a l  d i s t a n c e  
(AB i n  F igu re  14) between o r b i t s  i s  s i g n i f i c a n t l y  smaller than  
t h e  d i s t a n c e  (AC) a long  a l i n e  which i s  t a n g e n t i a l  t o  P2 1 s 
o r b i t .  The re fo re ,  a t r ade -o f f  i n  t r i p  t i m e  e x i s t s  between t h e  
fas ter  b u t  longer  r o u t e  t o  P3 a t  p o i n t  C as a r e s u l t  of a nea r  
m i s s  a t  P2 and t h e  s h o r t e r  b u t  slower r o u t e  t o  P3 a t  p o i n t  B 
due t o  a l a r g e  m i s s  a t  P2. 
t i m e  t ra jector ies  t o  Sa tu rn  having m i s s  d i s t a n c e s  a t  J u p i t e r  
The t r a d e - o f f  r e s u l t s  i n  s h o r t e s t  
o f  several r a d i i  as shown i n  Figure 13. However, when t h e  
r a d i u s  of P3 becomes much l a r g e r  t h a n  R2 t h e  d i f f e r e n c e  between 
t h e  t a n g e n t i a l  and r a d i a l  d i s t a n c e s  t o  R3 diminishes  and t h e  
s h o r t e s t  t i m e  p o i n t s  f a l l  back t o  a skimming approach of P2.  
For J u p i t e r  t h i s  phenomenon i s  observed i n  F igu res  1;. and 19 
where t h e  t a r g e t  r a d i u s  i s  inc reased  t o  20 A'LT and 50 AU 
r e s p e c t i v e l y .  
T;-c wmerical  d a t a  f o r  t h i s  miss ion  a l s o  indicaceL t h a t  a 
minimum energy t r a j e c t o r y  t o  J u p i t e r  (AV = 51,200 f t / sec)  g a i n s  
enough energy through g r a v i t y  a s s i s t  t o  ex tend  t h e  p o s t - a s s i s t  
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h e l i o c e n t r i c  t r a j e c t o r y  o u t  a g rea t  d e a l  f u r t h e r  (about  370 AU) 
t han  J u p i t e r ' s  o r b i t .  This  means t h a t  a Hohmann t r a n s f e r  t o  
J u p i t e r  i s  s u f f i c i e n t  t o  accomplish a Sa tu rn  miss ion  i f  
J u p i t e r ' s  g r a v i t y  f i e l d  i s  p rope r ly  u t i l i z e d .  
t i m e "  miss ion  cu rve  f o r  a J u p i t e r  f l y -by  t o  Sa tu rn  i s  p l o t t e d  
a long  w i t h  t h e  d i r e c t  curve  i n  Figure 15. Not ice  h e r e  t h a t  
n o t  o n l y  do t h e  t i m e  sav ings  become s i g n i f i c a n t  for  g r a v i t y  
ass i s t  as i d e a l  v e l o c i t y  i s  reduced below 55,000 f t / sec ,  bu t  
The ''minimum 
a t  a g iven  t i m e ,  e.g. 3 .5  y e a r s ,  t h e  i d e a l  v e l o c i t y  requirement  
i s  reduced enough from d i r e c t  f l i g h t  (from 55,000 t o  52,000 
f t / s e c )  t o  allow s i g n i f i c a n t  payloads t o  be s e n t  t o  Sa tu rn  w i t h  
e x i s t i n g  launch v e h i c l e s ,  i . e . ,  t h e  S a t u r n  b o o s t e r  family.  
A p a r t i c u l a r  Ea r th - Jup i t e r -Sa tu rn  mis s ion ,  a long  w i t h  
some s p e c i f i c  t r a j e c t o r y  d a t a ,  is  i l l u s t r a t e d  i n  F igu re  15  f o r  
a 1977 launch oppor tun i ty .  Oppor tun i t i e s  f o r  similar miss ions  
a lso occur  (based a g a i n  on a 2-D s t u d y )  i n  1976 and 1978. The 
f i g u r e  i s  s e l f - e x p l a n a t o r y ,  but  it i s  worth n o t i n g  t h a t  t h e  
e q u i v a l e n t  DV a t  J u p i t e r  due t o  g r a v i t y  assist  i s  1 8 , 7  km/sec. 
For  t h e  same m i s s  d i s t a n c e ,  4 J u p i t e r  r a d i i ,  F igu re  3 i n d i c a t e s  
t h e  maximum a v a i l a b l e  equ iva len t  DV i s  2 1  km/sec. This  shows 
good u t i l i z a t i o n  of  J u p i t e r ' s  g r a v i t a t i o n a l  f i e l d  f o r  v e l o c i t y  
t r a n s f e r  by t h e  i l l u s t r a t e d  mission i n  F igu re  ?-5. 
The launch d a t e s  are f r equen t ,  when they  occur ,  and 
they  occur  f a r  enough i n  t h e  f u t u r e  t o  p l a n  an i n v e s t i g a t i o n  
program for  t h e  p l a n e t  Sa tu rn .  
low enough t o  a l low payloads g r e a t e r  t h a n  1000 pounds t o  be 
The v e l o c i t y  requi rements  are 
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launched w i t h  a Sa turn  1B-Centaur c l a s s  launch v e h i c l e .  The 
t r i p  t i m e  i s  on t h e  o r d e r  of  t h r e e  years .  This  appears  t o  be 
one of t h e  b e t t e r  g r a v i t y  assist miss ions  and c e r t a i n l y  
war ran t s  f u r t h e r ,  more d e t a i l e d  s tudy .  
5.5 Ear th-Jupi te r -Outer  P l a n e t s  
F igures  1 7  through 20 c h a r a c t e r i z e  miss ions  v ia  J u p i t e r  
t o  t h e  o u t e r  p l a n e t s  by cons ider ing  two t a r g e t  r a d i i  of 20 AU 
and 50 AU, r a t h e r  than  any s p e c i f i c  p l a n e t a r y  o r b i t s .  The ad- 
vantages  o f  g r a v i t y  ass is t  over  d i r e c t  f l i g h t s  t o  t h e s e  d i s t a n c e s  
are similar t o  those  of  t h e  Ear th-Jupi te r -Sa turn  miss ion ,  on ly  
magnif ied.  For t h e  20 AU mission (Fig.  18), beginning w i t h  an 
i d e a l  v e l o c i t y  of 56,000 f t / sec ,  t h e  J u p i t e r  f ly -by  reduces  
t h e  t r i p  t i m e  from 1 3  t o  5 years .  I n  F igure  2’3, w i t h  an  i d e a l  
v e l o c i t y  o f  56,000 f t / s e c ,  t h e  t r i p  t i m e  w i t h  a J u p i t e r  assist  
i s  11.5 years. 
same i d e a l  v e l o c i t y  w i l l  no t  reach  50 AU. 
A d i r e c t  f l i g h t  launched a t  E a r t h  w i t h  t h i s  
Pre l iminary  comparisons o f  d i r e c t  thi-us’;ed t r a j e c t o r i e s  
and d i r e c t  b a l l i s t i c  t r a j e c t o r i e s  have a l s o  shown s i g n i f i c a n t  
improvements i n  performance f o r  s i m i l a r  t a r g e t s ,  bu t  i n  favor  
o f  a t h r x s t e d  propuls ion  system. It is, t h e r e f o r e ,  q u i t e  
r easonab le  t o  expec t  a g r a v i t y  a s s i s t e d ,  tl-,;-,sted approach 
t o  the exp lo ra t ion  of t h e  o u t e r  s o l a r  system t o  be even more 
d e s i r a b l e  than  e i t h d r  ef these  s impler  schemes e I n  a d d i t i o n ,  
t h e  Chrcustcd propuls ion  system can  double as midcourse guidance 
c o n t r o l ,  which i s  u s u a l l y  more demanding w i t h  a g r a v i t y  assist  
maneuver. It remains,  o f  course ,  t o  ana lyze  t h e  f e a s i b i l i t y  
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of  such a hybr id  t r a j e c t o r y .  
5.6 Ear th-  J u p i t  er  -So l a r  Probe 
The las t  miss ion  cons idered  i n  t h e  s tudy  w a s  a s o l a r  
probe via  J u p i t e r .  F igure  2;- i s  a graph o f  t o t a l  t r i p  t i m e  
ve r sus  i d e a l  v e l o c i t y  f o r  t h e s e  miss ions .  L ines  o f  cons t an t  
p e r i h e l i o n  (af ter  t h e  g r a v i t y  ass is t )  and l i n e s  o f  cons t an t  
m i s s  d i s t a n c e  a t  J u p i t e r  are shown on t h e  p l o t .  From t h e  
f i g u r e ,  f o r  an i d e a l  v e l o c i t y  of 52,500 f t / s e c  and a m i s s  
d i s t a n c e  o f  s i x  J u p i t e r  r a d i i ,  t h e r e  e x i s t s  a t r a j e c t o r y  which 
comes w i t h i n  0.3 AU of t h e  cen te r  of  t h e  Sun 3.15 yea r s  a f t e r  
l eav ing  Ear th .  Each p o i n t  w i th in  t h e  g r i d  r e p r e s e n t s  a v a l i d  
s o l a r  probe t r a j e c t o r y  via  a J u p i t e r  f ly -by .  
example cons ide r  an i d e a l  v e l o c i t y  o f  54,000 f t / s e c  and a t r i p  
t i m e  o f  approximately three years .  
t h e  Sun i s  0.02 AU and t h e  r equ i r ed  m i s s  d i s t a n c e  a t  J u p i t e r  i s  
5 .3  J u p i t e r  r a d i i .  The t r a j e c t o r y  f o r  t h i s  example i s  i l l u s -  
t r a t e d  i n  F igure  L p ? .  
A s  a second 
The c l o s e s t  approach t o  
Note t h a t  about  400 days o f  t h e  t r i p  i s  spent  i n  t h e  
a s t e r o i d  b e l t .  This  p l aces  t h e  s p a c e c r a f t  i n  a p o t e n t i a l l y  
hazardous environment f o r  a long t i m e .  On t h e  o t h e r  hand, 
a s t e r o i d  b e l t  experiments  could be conducted dur ing  t h e  f l i g h t  
as a secondary o b j e c t i v e  o f  t h e  miss ion .  
o b j e c t i v e  f o r  a J u p i t e r  a s s i s t e d  s o l a r  probe would be t h e  
examinat ion  of  J u p i t e r  dur ing  f ly-by.  P resen t  s t u d i e s  
(Wit t ing  1965) i n d i c a t e  t h a t  ins t ruments  des igned  t o  measure 
Another secondary 
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p a r t i c l e s  and f i e l d s  around J u p i t e r  and around t h e  Sun are 
s imi la r ,  w i t h  r ega rds  t o  both t y p e  and s e n s i t i v i t y .  
The maximum communication d i s t a n c e  f o r  t h e  i l l u s t r a t e d  
miss ion  has  been minimized by s e l e c t i n g  a t r a j e c t o r y  which 
permi ts  t h e  s p a c e c r a f t  t o  a r r i v e  a t  J u p i t e r  j u s t  as t h e  Ea r th  
comes between J u p i t e r  and t h e  Sun. A complete t i m e  h i s t o r y  o f  
communication d i s t a n c e  and t h e  d i s t a n c e  between t h e  s p a c e c r a f t  
and t h e  Sun i s  p l o t t e d  i n  Figure c3. 
The launch o p p o r t u n i t i e s  f o r  t h i s  miss ion  are f r equen t  
and c o n s i s t e n t .  Normally, when a g r a v i t y  a s s i s t e d  t r a j e c t o r y  
i n v o l v i n g  t h r e e  bodies  (Ply P2, and P3) i s  ana lyzed ,  t h e  t i m e  
between o p p o r t u n i t i e s  can be long o r  t h e  elements of t h e  
r e q u i r e d  t r a j e c t o r y  can  change s i g n i f i c a n t l y  from one oppor- 
t u n i t y  t o  t h e  next .  Here t h i s  is n o t  t r u e .  The o p p o r t u n i t i e s  
p r e s e n t  themselves once about every 13 months and show only  
minor changes i n  t r a j e c t o r y  requirements ,  Hence there i s  
l i t t l e  t i m e  r e s t r i c t i o n  t o  the u t i l i z a t i o n  o f  J u p i t e r  f o r  a 
s o l a r  f ly -by  mission.  
The f i n a l  F igure  24 shows a comparison of d i f f e r e n t  
modes o f  approaching t h e  Sun from Ear th .  P l o t t e d  a g a i n s t  i d e a l  
v e l o c i t y  and f i n a l  p e r i h e l i o n  are curves  f o r  d i r e c t  , Venus f l y -  
by and c o n s t a n t  t i m e  J u p i t e r  a s s i s t e d  t r a j e c t o r i e s .  For t h e  
Venus f ly-by  and t h e  d i r e c t  curves  t h e  t r i p  t i m e  i s  n o t  con- 
s t a n t .  Seve ra l  t r i p  t i m e s  have been p inpo in ted  on t h e s e  
cu rves  t o  show magnitude and v a r i a t i o n  of  t i m e .  To r each  the 
appa ren t  edge (0.005 AU) of  t h e  Sun d i r e c t l y  r e q u i r e s  almost 
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100,XIG f t / sec .  A Venus f ly-by r e q u i r e s  about 95,000 f t / s ec .  
To reduce t h e  p e r i h e l i o n  below 0 . 1  AU a J u p i t e r  f ly-by should 
be used. 
requirements  are much more reasonable .  Another p o s s i b i l i t y  
f o r  sending a s p a c e c r a f t  c l o s e  to  t h e  Sun would be, o f  cour se ,  
t h e  use  of a thrustec '  upper s t age  v e h i c l e .  The J u p i t e r  
a s s i s t e d  s o l a r  probe i s  an a t t r a c t i v e  m u l t i p l e  miss ion  w i t h  
f r e q u e n t  (approximately one p e r  yea r )  launch o p p o r t u n i t i e s ;  i t  
The t r i p  t i m e  i s  a d e f i n i t e  p e n a l t y  bu t  t h e  energy 
should receive a more thorough a n a l y s i s .  
6.  CONCLUSIONS 
The r e s u l t s  of t h e  s tudy have a l r e a d y  been h e l p f u l  i n  
t h e  planning of  long range programs. The a n a l y s i s  method used 
provides  a s imple s e l e c t i o n  process  of  t hose  miss ions  which 
are  worthy of  f u r t h e r  i n v e s t i g a t i o n .  For t h e  i n t e r e s t i n g  
mis s ions ,  t h e  problems of 
1) determining accu ra t e  launch o p p o r t u n i t i e s ,  
2) ana lyz ing  guidance requirements ,  and 
3)  . - ; - ~ L L  Limn;  ~ o n s  
need more d e t a i l e d  s tudy  and a n a l y s i s .  
A s tudy  o f  t h e s e  problems reqclires a comprehensive 
three-dimensional  g r a v i t y  ass is t  and guidance computer program. 
I n  a d d i t i o n  t o  provid ing  inc reased  accuracy f o r  f avorab le  
g r a v i t y  a s s i s t e d  miss ions ,  t h i s  code could be used t o  look a t  
o u t - o f - e c l i p t i c  miss ions  i n  d e t a i l  and enable  g r a v i t y  ass i s t  
a c c e s s i b l e  r eg ions  (Narin 1964) contours  t o  be genera ted .  
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F i n a l l y  t h e r e  i s  t h e  p o s s i b i l i t y  of  g r a v i t y  a s s i s t e d  
t h r u s t e d  miss ions .  A t  some time i n  t h e  f u t u r e  an  e f f o r t  
should be made t o  determine the f e a s i b i l i t y  and performance 
ga ins  of t h i s  hybr id  t r a j e c t o r y  scheme. 
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Appendix A 
NOMENCLATURE 
8 AU Astronomical u n i t ,  1 AU = 1.496 x 10 km 
a Semi-major a x i s ,  nega t ive  f o r  a hyperbola  
B Asymptotic m i s s  d i s t a n c e  (see Figure 2)  
C O I  Two-dimensional c i r c l e  of  p l a n e t a r y  i n f l u e n c e  
AV I d e a l  v e l o c i t y  given t o  t h e  s p a c e c r a f t  on 
leaving  Ear th :  
AV =-/(WL,)2 + (36,178)2 + 4000 f t / s e c  
Here 36,178 f t / s e c  i s  t h e  c h a r a c t e r i s t i c  
v e l o c i t y  f o r  Ear th  escape launching from Cape 
Kennedy and 4000 f t / s e c  i s  a c o r r e c t i o n  f o r  
g r a v i t a t i o n a l  and f r i c t i o n  l o s s e s  dur ing  launch. 
DV 
AE 
Kb 
M 
"b 
p1 
p2 
Equivalent  v e l o c i t y  increment given t o  t h e  
s p a c e c r a f t  by a g r a v i t y  ass i s t ,  km/sec. 
Equivalent  change i n  energy given 50 t h e  space- 
c r a f t  by a g r a v i t y  ass is t ,  km2/sec . 
G r a v i t a t i o n a l  parameter f o r  t h e  g r a v i t y  assist  
body. 
Mass of t h e  Sun 
Mass of t h e  d i s t u r b i n g  body 
E a r t h ,  t h e  p l ane t  from which a l l  t r a j e c t o r i e s  
are i n i t i a t e d  
Gravi ty  a s s  i s  t p lane t  
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p3 
P 
Rb 
R1 
R2 
R3 
rS 
VHL 
VHP 
'h 
vP 
v12 
v21  
v22 
'3 1 
a 
h 
B2 
@ 
Y 
Y 
T a r g e t - i n t e r c e p t  p l ane t  
Dis tance  of  c l o s e s t  approach,  p l a n e t  r a d i i  
Dis tance  o f  t h e  d i s t u r b i n g  body from t h e  Sun 
O r b i t  r a d i u s  of  Ear th  
O r b i t  r a d i u s  of t h e  g r a v i t y  ass is t  p l a n e t  
O r b i t  r a d i u s  o f  t h e  t a r g e t - i n t e r c e p t  p l a n e t  
Radius of t h e  sphere-of - inf luence  and COI 
Launch hype rbo l i c  excess speed,  t h a t  i s ,  t h e  
d i f f e r e n c e  between t h e  s p a c e c r a f t  h e l i o c e n t r i c  
v e l o c i t y  and E a r t h ' s  v e l o c i t y  i n  i t s  o r b i t ,  
a t  t h e  t i m e  when the s p a c e c r a f t  leaves t h e  
Ea r th .  
Hyperbol ic  excess  speed a t  p l a n e t  i n t e r c e p t  
Hyperbol ic  excess  speed a t  t h e  C O I  w i t h  
r e s p e c t  t o  P2 
P l a n e t a r y  o r b i t a l  speed 
H e l i o c e n t r i c  v e l o c i t y  a t  i n t e r c e p t  o f  P2 
Hyperbol ic  approach v e l o c i t y ,  vh)  w i t h  r e s p e c t  
t o  P, 
L 
Hyperbol ic  depa r tu re  v e l o c i t y ,  vh,  w i t h  r e s p e c t  
t o  P, 
L. 
H e l i o c e n t r i c  v e l o c i t y  a t  d e p a r t u r e  o f  P2 
Angle between approach and d e p a r t u r e  asymptotes 
a t  P2 (see F igure  2) 
Angle between v and v21 
P 
Angle between fT and v22 
P 
I n j e c t i o n  f l i g h t  path a n g l e  (see F igure  1) 
See F igu re  2 
See F igu re  2 
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Appendix B 
DERIVATION OF GRAVITY ASSIST EQUATIONS 
It has  been shown i n  Sect ion 2 and Figure  2 t h a t  t h e  
approach v e l o c i t y  v e c t o r ,  V21, and t h e  d e p a r t u r e  v e l o c i t y  
v e c t o r ,  V22, of  a g r a v i t y  assist  maneuver are e q u a l  i n  magnitude 
but n o t  d i r e c t i o n .  
asymptote and t h e  v e c t o r  v22 lies along t h e  d e p a r t u r e  asymptote. 
These asymptotes of t h e  hyperbolfc  f ly-by  t r a j e c t o r y  d i f f e r  by 
an a n g l e ,  a.  
- 
- 
The v e c t o r  v21 l i e s  along t h e  approach 
The ang le  a i s  w r i t t e n  as t h e  f u n c t i o n  
where, 
B = asymptot ic  m i s s  d i s t a n c e ,  
V21 = asymptot ic  approach v e l o c i t y ,  
Kb = g r a v i t a t i o n a l  parameter of t h e  g r a v i t y  assist  
p l a n e t .  
To determine t h e  f u n c t i o n  of equat ion  (Bl) n o t e  from Figure  2 
t h a t  
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a = r - 2 0 ,  
Combining equat ions  (B2) and (B3) , 
01 = Tr  - 2 (5-Y 1, 
a = 2 Y .  
Also from Figure  2, 
t a n  Y 
Using the energy equation* f o r  a hyperbola ,  
S ince  V21 i s  de f ined  as t h e  asymptot ic  approach v e l o c i t y ,  i t  
may be cons idered  as the s p a c e c r a f t  v e l o c i t y  (with r e s p e c t  t o  
P2) a t  an  i n f i n i t e  d i s t a n c e  from t h e  g r a v i t y  assist  p l a n e t .  
Hence, s u b s t i t u t i n g  V21 i n t o  equat ion  (B6) y i e l d s  
2 
v12 Kb 
2 = - E '  
o r  
S u b s t i t u t i n g  (B7) i n t o  ( B 5 )  , 
* A complete t a b l e  of two-body equa t ions  of  mction has  been 
formulated by Dobson, Huff and Zimmerman (1962). 
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and combining (B8)  with ( B 4 )  the solution to equation ( B l )  is 
given as 
The asymptotic miss distance, B y  can be expressed as 
the function 
where V21 and Kb are the same as before, and 
p = distance of closest approach to P2. 
To solve the function of ( B l O )  note from AACD in Figure 2 that 
c2 = a2 + b2 . ( B W  
Since AOPD is similar to GACD equation ( B 1 1 )  becomes 
Expanding, and making the proper cancellations, 
p 2 + 2ap + a2 = a2 + B~ , 
B2 = p  2 (1i-p) 2a 
Substituting (B7) into (B13) yields the solution of the function 
in ( B l O ) ,  which is 
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Through t h e  use of  equat ion  (B14) i t  w a s  p o s s i b l e  i n  t h e  
numerical  a n a l y s i s  t o  use  t h e  d i s t a n c e  of c l o s e s t  approach, p ,  
as a parameter  of  v a r i a t i o n  r a t h e r  than  t h e  asymptot ic  m i s s  
d i s t a n c e ,  B,  which i s  used i n  equat ion  (B9). 
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Appendix C 
DERIVATION OF MAXIMUM FORMULAS 
There e x i s t  a n a l y t i c a l  equa t ions ,  c o n s i s t e n t  w i t h  t h e  
assumptions s t a t e d  i n  t h e  i n t r o d u c t i o n ,  f o r  maximum v e l o c i t y  
and maximum energy changes f r o m  t h e  g r a v i t y  assist  o f  a p l a n e t .  
Consider f i r s t  t h e  d e r i v a t i o n  f o r  maximum v e l o c i t y  change. 
The v e l o c i t y  change, DV, due t o  g r a v i t y  ass is t  i s  given 
by t h e  v e c t o r  equa t ion  
as can  be seen  from Figure  2. But, 
and 
S u b s t i t u t i n g  i n t o  equat ion  (Cl) y i e l d s  , 
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Squaring equa t ion  (C2), 
DV2 = (v22 - v21) (v22 - vZl) , 
3 2 I - 
+ v22 - 2 V Z 2  "21 - v21 - 
By d e f i n i t i o n ,  
vh = v21 = v22 . 
Hence equa t ion  ( C 3 )  becomes, 
(see F i g u r e  2 f o r  t h e  d e f i n i t i o n  of a ) .  Since  
a =  2Yy 
e q u a t i o n  (C4)  becomes, 
DV2 = 2Vh 2 - 2vh2 (1 - 2 s i n 2  Y 
= 4vh2 s i n  * Y 
So that  by t a k i n g  t h e  squa re  r o o t  t h e  v e l o c i t y  change, DV, i s ,  
From F i g u r e  2 ,  
a s i n Y  = a + p .  
S u b s t i t u t i n g  equa t ion  (B7) i n t o  (C6), 
n 
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and combining equat ions  (C5) and Q C 7 ) ,  
Now t o  maximize DV i t  i s  obvious t h a t  t h e  m i s s  d i s t a n c e ,  p ,  
should be chosen as s m a l l  as poss ib l e .  With p s p e c i f i e d  (con- 
s t a n t ) ,  t h e  vh which maximizes DV i s  found by d i f f e r e n t i a t i n g  
equat ion  (C8) w i t h  r e s p e c t  t o  Vh. Hence, 
n 
Transposing,  
S u b s t i t u t i n g  (C9) i n t o  (C8) , 
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So t h a t ,  
Consider now t h e  case  of maximum energy change. Since 
h e l i o c e n t r i c  p o s i t i o n  changes of  t h e  s p a c e c r a f t  were ignored 
dur ing  t h e  g r a v i t y  ass i s t ,  
o r  i n  v e c t o r  n o t a t i o n  
s i n c e  from Figure 2 ,  
2 + 2v v21 cos B1 y 
+ v 2 1  P 
* + 2v v22 cos B 2  , 
P + v22 P 
= 2vp v22 cos B 2  - 2vp v21 cos B 1  , '3 1 - v12 
= vp 5 2  
2 
2 = v  2 '3 1 
2 
- 
= 2$ (T722 - v2$ . 
To maximize equat ion  (C12) f o r  AE i t  is  apparent  t h a t  
two c o n d i t i o n s  are t o  be s a t i s f i e d .  They are as fo l lows:  
- 
1) - V211 should be maximized, 
- 
2)  7 and (v22 - VZl) should be c o l i n e a r ,  i . e . ,  
P - 
t h e  angle  between (r22 - V21) and v should P 
be 0" f o r  energy a d d i t i o n  and 180" f o r  energy 
s u b t r a c t i o n .  
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For c o n d i t i o n  1) note  from equat ion  (C2) t h a t ,  
- 
Hence t h e  maximum value of 1 v22 - 
(C10) as, 
i s  given by equa t ion  
The v a l u e  of t h e  ang le  a between '22 and v21 (see 
Figure  2 f o r  d e f i n i t i o n )  may be found from equat ions  (C5) and 
( C 1 0 ) .  Since from equat ion  (C13) one cond i t ion  f o r  maximum 
energy change i s  t h a t  t h e  v e l o c i t y  change be maximum, equat ion  
(C5) may be r e w r i t t e n  as 
vh = 2Vh s i n Y  , 
or Y 
then ,  
s i n Y  = 1/2 , 
Q = 2 Y  = 60" . 
The cond i t ion  of c o l i n e a r i t y  
i s  g iven  i n  equat ion  form as,  
f o r  maximum energy change 
Expanding and us ing  t h e  r e s u l t s  i n  equat ion  (C13), 
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cos B 2  - cos B1 = 1 . (C16) 
The ang le s  B1 and B2 are n o t  independent.  From Figure  
2 i t  can  be seen  t h a t  t h e i r  c o n s t r a i n t  equa t ion  i s  g iven  by 
= a .  B 1  - B2 
S u b s t i t u t i n g  equa t ion  (C14) i n t o  ( C 1 7 ) ,  
B 1  /32 = 60" 
The c o n d i t i o n s  f o r  max imum energy change are now set .  
Using equa t ions  (C12), (C15) and (C13) t h e  equa t ion  of  maximum 
energy i s  found t o  be ,  
= v  v - v p .   I 'E 1 max P h  P P 
From equa t ions  (C16) and (C18) the  v a l u e s  of  Bl and B 2  f o r  
maximum energy a d d i t i o n  are, 
B1 = 120" , B 2  = 60" , (c20) 
- 
s i n c e  the a n g l e  between (v22 - V21) and v 
case i l l u s t r a t e d  i n  F igure  2 ) .  
maximum energy s u b t r a c t i o n  are ,  
i s  0" ( t h i s  i s  t h e  
P 
The v a l u e s  of Bl and B2 f o r  
- 
s i n c e  the ang le  between (v22 - V Z l )  and v i s  180". P 
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FIGURES 
The fo l lowing  f i g u r e s  have been assembled 
t o g e t h e r  f o r  ease of r e fe rence .  They are 
r e f e r r e d  t o  by number throughout t h e  r e p o r t .  
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MERCURY PROBE VIA VENUS 
TRAJECTORY DATA: 
LAUNCH DATE, AUGUST 1970 
I D E A L  VELOCITY = 4 1 , 9 5 0  F E E T I S E C  
T I M E  TO VENUS = 100 DAYS 
VENUS APPROACH VELOCITY = 7. I K M I S E C  
VENUS CLOSEST APPROACH = 1.66 VENUS RADII  
TOTAL T R I P  T I M E  = 160 DAYS 
MERCURY APPROACH VELOCITY = 9.2 K M I S E C  
MAXIMUM COMMUNICATION DISTANCE = 1.15 AU 
EQUIVALENT DV AT VENUS= 5.48 K M I S E C  
VENUS AT 
LAUNCH / 
/ 0w / 
0 / 
0 
/ / 
/ / 
/ 
/ 
/ 
I 
/ MERCURY MERCURY APHELION 0 . 4 7 A U  
AT LAUNCH 
\ 
\ _ _  - .  ~ /o---- 
/ 
/ 
/ / 
MERCURY 
/' AT INTERCEPT 
/ 
. . 
\ 
/ 
'7 / 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
/ 
d 
/ E A R T H  A T  
MERCURY 
INTERCEPT 
FIGURE 8. EARTH - V E N U S -  MEHCURY M I S S I O N  ILLUSTRATION. 
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P L O T  O F  TRIP T I M E  TO J U P I T E R  ( 5 . 2 0 3  A U )  
VERSUS M I S S  D I S T A N C E  AT M A R S  F O R  
C O N S T A N T  V A L U E S  O F  I D E A L  V E L O C I T Y  
EC 
= I  l P R E D l C T E D  CLOSEST APPROACH 
' O F  M A R I N E R  lX 
I 
I 
I 
01 I I I I I I I I I I I 
0 I 2 3 4 5 6 7 8 9 IO I I  12 
D I S T A N C E  O F  CLOSEST APPROACH,  M A R S  R A D I I  
F I G U R E  9. " D A T A "  G R A P H ;  E A R T H - M A R S -  J U P I T E R .  
1 1 1  R E S E A R C H  I N S T I T U T E  
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l 
50,000 
COMPARISON PLOT OF I D E A L  V E L O C I T Y  VERSUS 
FL IGHT T I M E  FOR D I R E C T  AND O P T I M U M  
( S H O R T E S T  T I M E )  MARS FLY -- B Y  F L I G H T S  
T O  J U P I T E R  ( 5 . 2 0 3  A U )  
D I R E  
..Y - t3 
CT 
Y 
F I G U R E  IO.  "MINIM' IJM T l M E . " G H A P t i :  E A H T H - -  M 4 R S  - * J U P I T E R .  
I I I  H F S L  A L C I I  I ~ J S I I T ~ I ~ E  
5 2  
- A S T E R O I D  
B E L T  
J U P I T E R  PROBE V I A  M A R S  
\ 
\ 
\ 
\ 
\ -- 4 A U  
- 
-- 3 A U  
-- 2 AU 
- 
S U N  
A I  1, 
-2- ?+ I I 
\ 70; MA 
I 
I 
\ 
' \  \ 
\ 
\ 
\ \ 
E A R T H ,  L- 
J U P I T E R  b 
A T  L A U N C H  \ 
\ E A R T H  AT ' 
\ LAUNCH,%~RS A T  L A U N C H  
I 
\ 
ti--- 
T R A J E C T O R Y  DATA: 
L A U N C H  D A T E ,  M A R C H  2 ,  1984 
I D E A L  V E L O C I T Y  = 50,000 F E E T / S E C  
M A R S  APPROACH V E L O C I T Y  = 14.9 K M / S E C  
M A R S  C L O S E S T  A P P R O A C H  = 2 M A R S  R A D I I  
J U P I T E R  A P P R O A C H  V E L O C I T Y  = 7.6 K M / S E C  
F L I G H T  T I M E  TO J U P I T E R  = 706 DAYS 
M A X I M U M  C O M M U N I C A T I O N  D I S T A N C E  = 6.2 AU 
E Q U I V A L E N T  D V  AT M A R S  = 1.6 K M / S E C  
b F I G U R E  I I .  E A R T H - M A R S -  J U P I T E R  M I S S I O N  I L L U S T R A T I O N .  
I I T  R E S E A R C H  I N S T I T U T E  
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P L O T  O F  TRIP T I M E  TO S A T U R N  ( 9 . 5  A U I  
VERSUS MISS D I S T A N C E  AT J U P I T E R  FOR 
CONSTANT V A L U E S  OF I D E A L  V E L O C I T Y  
r\ 
v AVID,,,= 5 0 , 2 0 0  F E E T / S E C  
w rl ( M I N I M U M  TO J U P I T E R )  
"-1 5 2 , 8 0 0  F P S  q l -  Ix 2 n 
W 
57 ,500  F P S  
62,500 F P S  
v) 
n 
ix 
w 
I- v 
3 
7 
n 67,750 FPS 
n 7 3 , 3 0 0  FPS 
- 
a W 
n 
v 
v 
78,900 F P S  I 
I 
i 
I 
01 1 I I I I 1 I 1 1 1 I 
1 2 3 4 5 6 7 0 9 IO II 12 0 
D I S T A N C E  O F  C L O S E S T  APPROACH, J U P I T E R  R A D I I  
FIGURE 13. " D A T A "  GRAPH:  E A R T H  - J U P I T E R - S A T U R N .  
I l l  R E S € A R C H  I N S T l T U t E  
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F I G l J R E  14. T R A J E C T O R Y  GEOMETRY FOR M I S S  D I S T A N C E  
T R A D E  - O F F  C H A R A C T E R I S T I C  AT P,. 
I l l  R E S E A R C H  I N S T I T U T E  
- 
COMPARISON PLOT O F  I D E A L  VELOCITY V E R S U S  
F L I G H T  T I M E  FOR D I R E C T  AND O P T I M U M  
( S H O R T E S T  T I M E )  J U P I T E R  F L Y - B Y  F L I G H T S  
TO S A T U R N  ( 9 . 5  A U )  
I 
J U P I T E R  = 5 0 , 2 0 0  F E E T I S E C  
0 I 2 3 4 5 6 
F L I G H T  T I M E  T O  S A T U R N ,  Y E A R S  
FIGURE 15. " M I N I M U M  T I M E "  GRAPH: E A R T H -  J U P I T E R - S A T U R N .  
1 1 1  R E S E A R C H  I N S T I T U T E  
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9 A U T  
8 AU 
7 A U - -  
I 6 AU -- 
I : 
\ 
\ 
1 
\ 
\ 
AT INTERCEPT 
SATURN PROBE V I A  J U P I T E R  
-- 
TRAJECTORY DATA: 
\ LAUNCH DATE, SEPTEMBER 1977 
I D E A L  VELOCITY = 54,000 FEET/SEC 
T I M E  TO JUPITER = 5 0 2  DAYS 
JUPITER APPROACH VELOCITY = 12 .7KMlSEC 
JUPITER CLOSEST APPROACH = 4  JUPITER RADI I  
TOTAL TRIP  T IME = 1072 DAYS 
SATURN APPROACH VELOCITY = 17.8 K M I S E C  
MAXIMUM COMMUNICATION DISTANCE = 10-5 AU 
OTHER LAUNCH DATES, JULY - AUG., 1976 
OCTOBER, 1978 
4 A U - -  
I 
2 A U  
I A U  
/ --- 
~ 
/ 
/ 
/ 
1 SUN 
\ 
\ 
\ 
\ 
\ 1 L  
‘%. 
POST-ASSIST 
%\$ HELIOCENTRIC 
A\+& TRAJECTORY 
A.0, 
ASTEROID B E L T  
\ 
\ 
\ 600 
\ 
\ 
\ 
\ 
NOTE: 
JUPITER O R B I T  RADIUS = 5 .2  AU 
SATURN O R B I T  RADIUS = 9.5 AU 
3 9 +  02 I”.t, s,‘ s 
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?\ AT FLY-  BY 
3 u::I 
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16 
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2 12 
0 
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0 
I- 
w 
5 - I O  
l- 
a - 
[L 
t- 
0 
6 
4 
5 
PLOT OF TRIP  T I M E  TO 2 0 A U  VERSUS 
M I S S  DISTANCE AT JUPITER F O R  
CONSTANT VALUES OF IDEAL VELOCITY 
I 
I 
I 
I 
I 
I 
AVID,,, = 50,200 FEET 
(MINIMUM TO J U P I T E R )  
/SEC 
21 
a01 
0 'I 
$I 
21 
-1 
Q) 
W 51,000 FPS 
(L 
W 
n " 5 2 , 5 0 0  FPS 
n 
v 5 5 , 0 0 0  FPS 
L I  
58,000 FPS 
n 
v 70,000 FPS 
t- v 78,000 FPS 
63,000 F P S  u 7. 0 - 1  
4 5 6 7 8 9 I O  I I  12 0 I 2 3 
DISTANCE OF CLOSEST APPROACH, JUPITER R A D I I  
F I G U R E  17. " D A T A  " GRAPH: E A R T H  - J U P I T E R  - 2 0  A U .  
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I 
COMPARISON PLOT OF I D E A L  V E L O C I T Y  VERSUS F L I G H T  
T I M E  F O R  D I R E C T  AND O P T I M U M  
J U P I T E R  F L Y - B Y  FL IGHTS T O  2 0  AU 
( S H O R T E S T  T I M E  1 
1 
FIGURE 18. " M I N I M U M  T I M E " G R A P t 1 :  t A R T H  - J U P I T E R  - 2 0  AU. 
1 1 1  R E S t A l t C H  I N S I I T U T E  
I 
2 2  
f 32.9 Y R S  AT 50,200 FPS 
P L O T  OF TRIP T I M E  TO 50AU VERSU: 
M I S S  D I S T A N C E  AT J U P I T E R  F O R  
CONSTANT VALUES O F  IDEAL 
I V E L O C I T Y  
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DISTANCE OF CLOSEST APPROACH, JUPITER R A D I I  
F I G U R E  19, " D A T A "  G R A P H :  E A R T H -  J U P I T E R -  5 0  AU. 
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111 R E S E A R C H  I N S T I T U T E  
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P L O T  O F  TOTAL T R I P  T I M E  VERSUS IDEAL V E L O C I T Y  
FOR S O L A R  PROBE TRAJECTORIES V I A  J U P I T E R .  
L I N E S  O F  CONSTANT PERIHELION ( R  ) A N D  L I N E S  OF 
R A D I I  A R E  S H O W N  
C O N S T A N T  J U P I T E R  M i s s  D I s T A N c ~  (R,) I N  J U P I T E R  
\ n p = 0 * 3 A u  
~ ~~~ 
52,000 54,000 5 6,000 58,000 
I D E A L  V E L O C I T Y ,  F E E T / S E C O N D  
, 
~ 
F I G U R E  2 I .  E A R T H  - J U P I T E R  - S O L A R  P R O B E  M I S S I O N  S E L E C T I O N  G R A P H .  
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E A R T H  AT L A U N C H  A N D  
A T  S O L A R  F L Y - B Y  
L AI INCH D A T E S :  T R A J E C T O R Y  D A T A :  
J A N  I 1970 I D E A L  V E L O C I T Y  = 54,000 F E E T / S E C  
F E B  4 1971 J U P I T E R  A P P R O A C H  V E L O C I T Y  = 12.7 K M  / S E C  
L . A C ,  I .-. i h - . T r  
N I H ~  I v I Y  r L  
APR 14 1973 
M A Y  19 1974 
JUN 23 1975 
J U L  2 7  1976 
AUG 31 1977 
OCT 5 1978 
NOV 9 1979 
J U P I T E R  C L O S E S T  A P P R O A C H  = 5.3 J U P I T E R  R A D I I  
S U N  C L O S E S T  A P P R O A C H  = 0.02 AU 
V E L O C I T Y  AT 0 .02  A U  = 298 K M / S E C  
F L I G H T  T I M E  TO 0.02 A U  = 3 Y E A R S  
M A X I M U M  C O M M I I N I C A T I O N  D I S T A N C E  = 5 . 5  A U  
E Q U I V A L E N T  D V  AT J U P I T E R  = 17.5 K M / S E C  
FIGURE 2 2 .  E A R T H - - J k J P I T E R  - S O L A R  P R O B E  MISSION I L L U S T R A T I O N .  
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